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Abstract. This paper presents a complete decision procedure for the entire quantifier-
free fragment of Separation Logic (SL) interpreted over heaplets with data ele-
ments ranging over a parametric multi-sorted (possibly infinite) domain. The al-
gorithm uses a combination of theories and is used as a specialized solver inside
a DPLL(T) architecture. A prototype was implemented within the CVC4SMT
solver. Preliminary evaluation suggests the possibility of using this procedure as
a building block of a more elaborate theorem prover for SL with inductive pred-
icates, or as back-end of a bounded model checker for programs with low-level
pointer and data manipulations.

1 Introduction

Separation Logic (SL) [21] is a logical framework for describing dynamically allocated
mutable data structures generated by programs that use pointers and low-level memory
allocation primitives. The logics in this framework are used by a number of academic
(Space Invader [5], Sleek [17]), and industrial (Infer [8]) tools for program verification.
The main reason for chosing to work within theSL framework is its ability to provide
compositional proofs of programs, based on the principle oflocal reasoning: analyzing
different parts of the program (e.g. functions, threads), that work ondisjoint parts of the
global heap, and combining the analysis results a-posteriori.

The main ingredients ofSL are (i) theseparating conjunctionφ ∗ψ, which asserts
thatφ andψ hold for separate portions of the memory (heap), (ii) themagic wandϕ⊸ψ,
which asserts that any extension of the heap by a disjoint heap that satisfyφmust satisfy
ψ, and (iii) theframe rule, that exploits separation to provide modular reasoning about
programs. Consider, for instance, a memory configuration (heap), in which two cells
are allocated, and pointed to by the program variablesx andy, respectively, where the
x cell has an outgoing selector field to they cell, and viceversa. The heap can be split
into two disjoint parts, each containing exactly one cell, and described by an atomic
propositionx 7→ y andy 7→ x, respectively. Then the entire heap is described by the
formulax 7→ y∗ y 7→ x, which readsx points toy and separatelyy points tox..

The expressive power ofSL comes with an inherent difficulty of automatically rea-
soning about the satisfiability of its formulae, as requiredby push-button program anal-
ysis tools. Indeed,SL becomes undecidable in the presence of first-order quantification,
even when the fragment uses points-to predicates, without the separating conjunction
or the magic wand [9]. Moreover, the quantifier-free fragment with no data constraints,
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using only points-to predicatesx 7→ (y,z), wherex,y and z are interpreted as mem-
ory addresses, is PSPACE-complete, due to the implicit quantification over memory
partitions, induced by the semantics of the separation logic connectives, which can,
moreover, be arbitrarily nested [9].

This paper presents a decision procedure for quantifier-free SL which is entirely
parameterized by a base theoryT of heap locations and data, i.e. the sorts of memory
addresses and their contents can be chosen from a large variety of available theories
handled by Satisfiability Modulo Theories (SMT) solvers, such as linear integer (real)
arithmetic, strings, sets, uninterpreted functions, etc.Given a base theoryT, we call
SL(T) the set of separation logic formulae built on top ofT, by considering points-to
predicates and the separation logic connectives. Applications of our procedure include:
- Integration with more sophisticated theorem provers for separation logic with induc-

tive predicates. Currently, such solvers concentrate on aspects related to applying
induction efficiently and apply heavy restrictions on the ground fragmentof the logic
considered (typically only separating conjunctions combined with very restricted data
theories).

- Use as back-end of a bounded model checker for programs withpointer and data
manipulations, based on a complete weakest pre-condition calculus that involves the
magic wand connective [15].

Contributions As main contribution, we show that quantifier-freeSL(T) is decidable,
provided that the quantifier-free fragment of the base theory T is decidable. Our method
is based on a semantics-preserving translation ofSL(T) into first-orderT formulae with
quantifiers over a domain of sets, whose cardinality is boundby the size of the input
formula. For the fragment ofT formulae produced by the translation fromSL(T), we
developped a lazy quantifier instantiation method, based oncounterexample-driven re-
finement. We show that the quantifier instantiation algorithm is sound complete and
terminates on the fragment under consideration. We presentour algorithm for the sat-
isfiability of quantifier-freeSL(T) logics as a component of a DPLL(T) architecture
[12], which is widely used by modern SMT solvers. We have implemented a prototype
solver as a branch of the CVC4 SMT solver [3] and carried out experiments that handle
non-trivial examples quite effectively.

Related Work The study of the algorithmic properties of Separation Logic[21] has
produced an extensive body of literature over time. We need to distinguish between
SL with inductive predicates and restrictive non-inductive fragments, andSL without
inductive predicates, which is the focus of this paper.

ConcerningSL with user-provided inductive predicates, we mention the theorem
prover Sleek [17], which implements a semi-algorithmic entailment check, based on
unfoldings and unifications. Along this line of work, the theorem prover Cyclist [7]
builds entailment proofs using a sequent calculus. More recently, the tool Slide [14]
reduces the entailment between inductive predicates to an inclusion between tree au-
tomata. These tools focus on the induction strategies and consider a very simple frag-
ment of non-inductiveSL formulae, typically conjunctions of equalities and disequali-
ties between location variables and separated points-to predicates, without negations or
the magic wand. In addition the tool Spen [10] considers arithmetic constraints between
the data elements in the memory cells, but fixes the shape of the user-defined predicates.
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Existing translations ofSL with inductive definitions (mainly singly-linked lists)
into SMT are described in [16, 18]. The goal of these translation is leveraging from
SMT technology for deciding entailments between inductivepredicates built on top
of a restricted fragment ofSL. Here we do not treat inductive predicates, but instead
consider the entire quantifier-freeSL, in combination with available SMT theories for
locations (e.g. pointer arithmetic) and data.

The first theoretical results on decidability and complexity of SL without inductive
predicates are given by Calcagno, Yang and O’Hearn [9]. Theyshow that the quantifier-
free fragment ofSL without data constraints is PSPACE-complete by an argumentthat
enumerates a finite (yet large) set of heap models. Their argument shows also the diffi-
culty of the problem, however it cannot be directly turned into an effective decision pro-
cedure, because of the ineffectiveness of model enumeration. A more elaborate tableau-
based decision procedure is described by Méry and Galmiche[11]. This procedure gen-
erates verification conditions on-demand, but here no data constraints are considered,
either. However, combined, the results of [9] and [11] have inspired our decision proce-
dure, that is parameterized by a decidable quantifier-free fragment of a base theory, and
can be used in combination with any available SMT theory.

Our procedure relies on a decision procedure for quantifier-free parametric theory
of sets and on-demand techniques for quantifier instantiation. Decision procedures for
the theory of sets in SMT are given in [22, 1]. Techniques for model-driven quantifier
instantiation were introduced in the context of SMT in [13],and have been developed
recently in [19, 6].

2 Preliminaries

We consider formulae in multi-sorted first-order logic, over asignatureΣ consisting of a
countable set of sort symbols and a set of function symbols. We assume that signatures
always include a Boolean sortBool with constants⊤ and⊥ denoting true and false
respectively, and that each sortσ is implicitly equipped with an equality predicate≈
overσ×σ. Moreover, we may assume without loss of generality that equality is the
only predicate belonging toΣ, since we can model other predicate symbols as function
symbols with return sortBool4.

We consider a setx of first-order variables, with associated sorts, and denoteby
ϕ(x) the fact that the free variables of the formulaϕ belong tox. Given a signature
Σ, well-sorted terms, atoms, literals, and formulae are defined as usual, and referred to
respectively asΣ-terms. We denote byφ[ϕ] the fact thatϕ is a subformula (subterm) ofφ
and byφ[ψ/ϕ] the result of replacingϕ with ψ in φ. We write∀x.ϕ to denote (universal)
quantification over variablex, wherex occurs as afree variablein ϕ. If x = 〈x1, . . . , xn〉

is a tuple of variables, we write∀xϕ as an abbreviation of∀x1 · · ·∀xnϕ. We say that a
Σ-term isgroundif it contains no free variables. We assumeΣ contains an if-then-else
operatorite(b, t,u), of sortBool×σ×σ→ σ, for each sortσ, that evaluates tot if b=⊤
and tou otherwise.

A Σ-interpretationI maps: (i) each set sort symbolσ ∈ Σ to a non-empty setσI,
the domainof σ in I, (ii) each function symbolf ∈ Σ of sortσ1× . . .×σn → σ to

4 For brevity, we may writep(t) as shorthand forp(t) ≈ ⊤, wherep is a function intoBool.
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a total function fI of sortσI1 × . . .×σ
I
n → σI if n > 0, and to an element ofσI if

n = 0, and (iii) each variablex ∈ x to an element ofσIx , whereσx is the sort symbol
associated withx. We denote bytI the interpretation of a termt induced by the mapping
I. The satisfiability relation betweenΣ-interpretations andΣ-formulae, writtenI |= ϕ,
is defined inductively, as usual. In particular, we haveI |= ¬ϕ if and only if it is not the
case thatI |= ϕ. We say thatI is a model ofϕ if I |= ϕ.

A first-order theoryis a pairT = (Σ, I ) whereΣ is a signature andI is a non-
empty set ofΣ-interpretations, themodelsof T. For a formulaϕ, we denote by [[ϕ]]T =

{I ∈ I | I |= ϕ} its set ofT-models. Observe that [[ϕ]]T = I \ [[¬ϕ]]T . A Σ-formulaϕ is
T-satisfiableif [[ ϕ]]T , ∅, andT-unsatisfiableotherwise. AΣ-formulaϕ is T-valid if
[[ϕ]]T = I , i.e. if ¬ϕ is T-unsatisfiable. A formulaϕ T-entailsa Σ-formulaφ, written
ϕ |=T φ, if every model ofT that satisfiesϕ also satisfiesφ. The formulaeϕ andψ are
T-equivalentif ϕ |=T φ andφ |=T ϕ, andequisatisfiable(in T) if ψ is T-satisfiable if
and only ifϕ is T-satisfiable. Furthermore, formulasϕ andψ areequivalent (up tok)
if they are satisfied by the same set of models (when restricted to the interpretation of
variablesk). TheT-satisfiability problem asks, given aΣ-formulaϕ, whether [[ϕ]]T , ∅,
i.e. whetherϕ has aT-model.

2.1 Separation Logic

In the remainder of the paper we fix a theoryT = (Σ, I ), such that theT-satisfiability
for the language of quantifier-free boolean combinations ofequalities and disequalties
betweenΣ-terms is decidable. We fix two sortsLoc andData fromΣ, with no restriction
other than the fact thatLoc is always interpreted as a countably infinite set. We refer to
Separation Logicfor T, writtenSL (T), as the set of formulae generated by the syntax:

φ := t ≈ u | t 7→ u | emp | φ1 ∗φ2 | φ1⊸ φ2 | φ1∧φ2 | ¬φ1

wheret andu are well-sortedΣ-terms and that for any atomic propositiont 7→ u, t is
of sort Loc andu is of sortData. Also, we consider thatΣ has a constantnil of sort
Loc, with the intended meaning thatt 7→ u never holds whent ≈ nil. In the following,
we writeφ∨ψ for ¬(¬φ∧¬ψ) andφ⇒ ψ for ¬φ∨ψ.

Given an interpretationI, aheapis a finite partial mappingh : LocI⇀fin DataI. For
a heaph, we denote by dom(h) its domain. For two heapsh1 andh2, we writeh1#h2 for
dom(h1)∩dom(h2) = ∅ andh= h1⊎h2 for h1#h2 andh= h1∪h2. For an interpretation
I, a heaph : LocI⇀fin DataI and aSL(T) formulaφ, we define the satisfaction relation
I,h |=SL φ inductively, as follows:

I,h |=SL emp ⇐⇒ h= ∅
I,h |=SL t 7→ u ⇐⇒ h= {(tI,uI)} andtI 6≈ nilI

I,h |=SL φ1 ∗φ2 ⇐⇒ ∃h1,h2 . h= h1⊎h2 andI,hi |=SL φi , for all i = 1,2
I,h |=SL φ1⊸ φ2 ⇐⇒ ∀h′ if h′#h andI,h′ |=SL φ1 thenI,h′⊎h |=SL φ2

The satisfaction relation for the equality atomst ≈ u and the boolean connectives∧,
¬ is the one defined byT. The (SL,T)-satisfiabilityproblem asks whether there is a
T-modelI such that (I,h) |=SL for some heaph.

4



In this paper we tackle the (SL,T)-satisfiability problem, under the assumption
that the quantifier-free data theoryT = (Σ, I ) has a decidable satisfiability problem for
constraints involvingΣ-terms. It has been proved [9] that the satisfiability problem is
PSPACE-complete for the fragment of separation logic in which Data = Loc× Loc. It
is not hard, in principle, to extend their complexity argument, based on enumerating a
finite set of heaps and checking whether each heap is a model, to more complex data
theories, provided that their satisfiability problems are in PSPACE. This is, moreover,
the case of most SMT theories, which are typically in NP, suchas the linear arithmetic
of integers and reals, possibly with sets and uninterpretedfunctions, etc. However, since
the purpose of this paper is providing a cost-effective decision procedure, we consider
complexity bounds for the (SL,T)-satisfiability problem as future work.

3 ReducingSL (T) to Classical First-Order Logic

It is well-known [21] that separation logic cannot be formalized as a classical (unsorted)
first-order theory, for instance, due to the behavior of the∗ connective, that does not
comply with the standard rules of contractionφ⇒ φ ∗ φ and weakeningφ ∗ ϕ⇒ φ5.
The basic reason is thatφ∗ϕ requires thatφ andϕ hold ondisjoint heaps. Analogously,
φ⊸ ϕ holds on a heap whose extensions, by disjoint heaps satisfyingφ, must satisfyϕ.
In the following, we leverage from the expressivity of multi-sorted first-order theories
and translateSL(T) formulae into quantified formulae in the language ofT, assuming
thatT subsumes a theory of sets and uninterpreted functions.

The integration of separation logic within the DPLL(T) framework [12] requires the
input logic to be presented as a multi-sorted first-order logic. To this end, we assume,
without loss of generality, the existence of a fixed theoryT = (Σ, I ) that subsumes a
theory of setsSet(σ) [1], for any sortσ of set elements, whose functions are the union
∪, intersection∩ of sort Set(σ)×Set(σ)→ Set(σ), singleton{.} of sortσ→ Set(σ)
and emptyset∅ of sortSet(σ). We writeℓ ⊆ ℓ′ as a shorthand forℓ∪ ℓ′ ≈ ℓ′ andt ∈ ℓ
for {t} ⊆ ℓ, for any termsℓ andℓ′ of sortSet(σ) andt of sortσ. The interpretation of the
functions in the set theory is the classical (boolean) one.

Also, we assume without loss of generality the existence of infinitely many function
symbolspt,pt′, . . . ∈ Σ of sortLoc 7→ Data, whereLoc andData are two fixed sorts of
T, such that for any interpretationI ∈ I , LocI is an infinite countable set6. We do not
assume any particular interpretation of these symbols in the following and treat them as
uninterpreted function symbols.

Observe that considering sets and uninterpreted functionsto be part of the base the-
ory T does not impact on the decidability of the satisfiability problem for the quantifier-
free fragment ofT-formulae. Moreover, the complexity of a set theorySet(σ) is in NP
(PSPACE) whenever deciding the satisfiability (validity) of a set of constraints (equali-
ties and disequalities) involving terms of sortσ is in NP (PSPACE) [22].

The main idea is to express the atoms and connectives of separation logic in multi-
sorted first-order logic by means of a transformation, called labeling, which introduces

5 Take for instanceφ asx 7→ 1 andϕ asy 7→ 2.
6 The generalization ofSL(T) to finite interpretations ofLoc is considered as future work.
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(i) constraints over variables of sortSet(Loc) and (ii) terms over uninterpretedpoints-
to functions of sortLoc→ Data. We describe the labeling transformation using judge-
ments of the formφ ⊳ [ℓ,pt], whereφ is a SL(T) formula,ℓ = 〈ℓ1, . . . , ℓn〉 is a tuple of
variables of sortSet(Loc) andpt=

〈

pt1, . . . ,ptn
〉

is a tuple of uninterpreted function sym-
bols occurring under the scopes of universal quantifiers. Toease the notation, we writeℓ
andpt instead of the singleton tuples〈ℓ〉 and〈pt〉. In the following, we also write

⋃

ℓ for
ℓ1∪ . . .∪ ℓn, ℓ′∩ ℓ for 〈ℓ′∩ ℓ1, . . . , ℓ

′∩ ℓn〉, ℓ′ · ℓ for 〈ℓ′, ℓ1, . . . , ℓn〉 andite(t ∈ ℓ,pt(t) = u)
for ite(t ∈ ℓ1,pt1(t) = u, ite(t ∈ ℓ2,pt2(t) = u, . . . , ite(t ∈ ℓn,ptn(t) = u,⊤) . . .)).

Intuitively, a labeled formulaφ⊳ [ℓ,pt] says that it is possible to build, from any of its
satisfying interpretationsI, a heaph such thatI,h |=SL φ, where dom(h) = ℓI1 ∪ . . .∪ ℓ

I
n

andh= ptI1↓ℓI1
∪ . . .∪ptIn↓ℓIn

7. More precisely, a variableℓi defines a slice of the domain

of the (global) heap, whereas the restriction ofpti to (the interpretation of)ℓi describes
the heap relation on that slice. Observe that each interpretation of ℓ andpt, such that
ℓIi ∩ ℓ

I
j = ∅, for all i , j, defines a unique heap.

First, we translate an inputSL(T) formulaφ into a labeled second-order formula,
with quantifiers over sets and uninterpreted functions, defined by the rewriting rules in
Figure 1. A labeling stepφ[ϕ] =⇒ φ[ψ/ϕ] applies ifϕ andψ match the antecedent and
consequent of one of the rules in Figure 1, respectively. It is not hard to show that this
rewriting system is confluent, and we denote byφ⇓ the normal form ofφ with respect
to the application of labeling steps.

(φ∗ψ) ⊳ [ℓ,pt]

¬∀ℓ1∀ℓ2 . ¬(ℓ1∩ ℓ2 ≈ ∅∧ ℓ1∪ ℓ2 ≈
⋃

ℓ∧φ⊳ [ℓ1∩ ℓ,pt]∧ψ⊳ [ℓ2∩ ℓ,pt])

(φ∧ψ) ⊳ [ℓ,pt]

φ⊳ [ℓ,pt]∧ψ⊳ [ℓ,pt]

(φ⊸ ψ) ⊳ [ℓ,pt]

∀ℓ′∀pt′ . (ℓ′∩ (
⋃

ℓ) ≈ ∅∧φ⊳ [ℓ′ ,pt′])⇒ ψ⊳ [ℓ′ · ℓ,pt′ ·pt]

(¬φ) ⊳ [ℓ,pt]

¬(φ⊳ [ℓ,pt])

t 7→ u ⊳ [ℓ,pt]
⋃

ℓ ≈ {t}∧ ite(t ∈ ℓ,pt(t) ≈ u)∧ t 6≈ nil

emp ⊳ [ℓ,pt]
⋃

ℓ ≈ ∅

ϕ⊳ [ℓ,pt]
ϕ if ϕ is aΣ-formula

Fig. 1. Labeling Rules

Example 1.We sketch the translation ofSL(T) formulae into a first-order multi-sorted
theory with sets and uninterpreted functions, by means of anexample. Consider the
SL(T) formula (x 7→ a∗y 7→ b)∧¬(⊤∗ x 7→ a). A possible reduction using the rules in

7 We denote byF↓D the restriction of the functionF to the domainD ⊆ dom(F).
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Figure 1 is the following:

((x 7→ a∗y 7→ b)∧¬(⊤∗ x 7→ a)) ⊳ [ℓ,pt]
∧
=⇒

(x 7→ a∗y 7→ b) ⊳ [ℓ,pt] ∧ (¬(⊤∗ x 7→ a)) ⊳ [ℓ,pt]
¬
=⇒

(x 7→ a∗y 7→ b) ⊳ [ℓ,pt] ∧¬((⊤∗ x 7→ a) ⊳ [ℓ,pt])
∗
=⇒

¬∀ℓ1∀ℓ2 . ¬(ℓ1∩ ℓ2 ≈ ∅∧ ℓ ≈ ℓ1∪ ℓ2∧ x 7→ a⊳ [ℓ1∩ ℓ,pt] ∧y 7→ b⊳ [ℓ2∩ ℓ,pt]) ∧
¬((⊤∗ x 7→ a) ⊳ [ℓ,pt])

∗
=⇒

¬∀ℓ1∀ℓ2 . ¬(ℓ1∩ ℓ2 ≈ ∅∧ ℓ ≈ ℓ1∪ ℓ2∧ x 7→ a⊳ [ℓ1∩ ℓ,pt] ∧y 7→ b⊳ [ℓ2∩ ℓ,pt]) ∧
¬(¬∀ℓ3 . ¬(x 7→ a⊳ [ℓ3,pt]))

7→
=⇒

¬∀ℓ1∀ℓ2 . ¬(ℓ1∩ ℓ2 ≈ ∅∧ ℓ ≈ ℓ1∪ ℓ2∧ ℓ1∩ ℓ ≈ {x}∧ ite(x ∈ ℓ1∩ ℓ,pt(x) ≈ a,⊤)∧ x 6≈ nil∧
ℓ2∩ ℓ ≈ {y}∧ ite(y ∈ ℓ2∩ ℓ,pt(y) ≈ b,⊤)∧y 6≈ nil)∧
¬(¬∀ℓ3 . ¬(ℓ3 ≈ {x}∧ ite(x ∈ ℓ3,pt(x) ≈ a,⊤)∧ x 6≈ nil)) .

�

Example 2.Consider theSL(T) formula (x 7→ a⊸ y 7→ b)∧ emp. The reduction to
first-order logic is given below:

((x 7→ a⊸ y 7→ b)∧emp) ⊳ [ℓ,pt]
∧
=⇒

(x 7→ a⊸ y 7→ b) ⊳ [ℓ,pt] ∧emp⊳ [ℓ,pt]
emp
=⇒

(x 7→ a⊸ y 7→ b) ⊳ [ℓ,pt] ∧ ℓ ≈ ∅
⊸

=⇒

ℓ ≈ ∅∧∀ℓ′∀pt′ . ℓ′∩ ℓ ≈ ∅∧ (x 7→ a⊳ [ℓ′,pt′])⇒ y 7→ b⊳ [〈ℓ′, ℓ〉 , 〈pt′,pt〉]
7→
=⇒

ℓ ≈ ∅∧∀ℓ′∀pt′ . ℓ′∩ ℓ ≈ ∅∧ ℓ′ ≈ {x}∧ ite(x ∈ ℓ′,pt′(x) ≈ a,⊤)∧ x 6≈ nil⇒
ℓ′∪ ℓ ≈ {y}∧ ite(y ∈ ℓ′,pt′(y) ≈ b, ite(y ∈ ℓ,pt(y) ≈ b,⊤))∧y 6≈ nil .

�

The following lemma reduces the (SL,T)-satisfiability problem to the satisfiability
of a quantified fragment of the multi-sorted first-order theory T, that contains sets and
uninterpreted functions. Although, in principle, satisfiability is undecidable in the pres-
ence of quantifiers and uninterpreted functions, the resultof the next section strenght-
ens this reduction, by adapting the labeling rules for∗ and⊸ (Figure 1) to use bounded
quantification over finite (set) domains.

For an interpretationI, a variablex and a values ∈ σIx , we denote byI[x← s]
the extension ofI which mapsx into s and behaves likeI for all other symbols. We
extend this notation to tuplesx = 〈x1, . . . , xn〉 and s= 〈s1, . . . , sn〉 and writeI[x← s]
for I[x1← s1] . . . [xn← sn]. For a tuple of heapsh= 〈h1, . . . ,hn〉 we write dom(h) for
〈dom(h1), . . . ,dom(hn)〉.

Lemma 1. Given aSL(T) formulaϕ and tuplesℓ = 〈ℓ1, . . . , ℓn〉 andpt =
〈

pt1, . . . ,ptn
〉

for n> 0, for any interpretationI of T and any heap h:I,h |=SL ϕ if and only if
1. for all heapsh= 〈h1, . . . ,hn〉 such that h= h1⊎ . . .⊎hn,
2. for all heapsh

′
=
〈

h′1, . . . ,h
′
n

〉

such that h1 ⊆ h′1, . . . ,hn ⊆ h′n,

we haveI[ℓ← dom(h)][pt← h
′
] |=T ϕ⊳ [ℓ,pt]⇓ .

Proof. By induction on the structure ofϕ. We distinguish the following cases:
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- ϕ ≡ φ ∗ ψ andI,h |=SL φ ∗ψ iff there exist heapsg1,g2 such thath = g1⊎ g2 and
I,g1 |=SL φ, I,g2 |=SL ψ. “⇒” Let h andh

′
be tuples of heaps satisfying conditions

(1) and (2). By the induction hypothesis we obtain:

I[ℓ1← dom(g1)][ℓ← dom(h)][pt← h
′
] |=T φ ⊳ [ℓ1∩ ℓ,pt]⇓

I[ℓ2← dom(g2)][ℓ← dom(h)][pt← h
′
] |=T φ ⊳ [ℓ2∩ ℓ,pt]⇓

becauseg j ∩ hi ⊆ h′i for each j = 1,2 and i = 1, . . . ,n. Since, moreover, dom(g1)∩

dom(g2) = ∅ and dom(g1)∪dom(g2) =
⋃n

i=1 dom(hi), we obtainI[ℓ← dom(h)][pt←

h
′
] |=T φ ∗ψ⊳ [ℓ,pt]⇓. “⇐” If I[ℓ← dom(h)][pt← h

′
] |=T φ ∗ψ⊳ [ℓ,pt]⇓, there exists

setsL1,L2 ⊆ Loc such thatL1∩ L2 = ∅ and dom(h) = L1 ∪ L2. Let g1 = h↓L1 and
g2 = h↓L2. We have thath= g1⊎g2 and:

I[ℓ1← dom(g1)][ℓ← dom(h)][pt← h
′
] |=T φ ⊳ [ℓ1∩ ℓ,pt]⇓

I[ℓ2← dom(g2)][ℓ← dom(h)][pt← h
′
] |=T ψ⊳ [ℓ2∩ ℓ,pt]⇓

Since, moreover,g j =
⊎n

i=1g j ∩ hi andg j ∩ hi ⊆ h′i , for j = 1,2 andi = 1, . . . ,n we
can apply the induction hypothesis to obtain thatI,g1 |=SL φ andI,g2 |=SL ψ, thus
I,h |=SL φ ∗ψ.

- ϕ ≡ φ ⊸ ψ. “⇒” Suppose thatI,h |=SL φ ⊸ ψ and letg ⊆ g′ be heaps such that
g#h andI[ℓ′← dom(g)][pt′← g′] |=T φ ⊳ [ℓ′,pt′]⇓. By the induction hypothesis, we
obtainI,g |=SL φ, thusI,g⊎ h |=SL ψ. Since, moreover,g · h andg′ · h

′
satisfy the

conditions (1) and (2), by the induction hypothesis, we obtain I[ℓ′← dom(g)][pt′←
g′][ℓ← dom(h)][pt← h

′
] |=T ψ⊳ [ℓ′ · ℓ,pt′ ·pt]⇓. Since the choice ofg andg′ was ar-

bitrary, we obtain thatI[ℓ← dom(h)][pt← h
′
] |=T φ⊸ ψ⊳ [ℓ,pt]⇓. “⇐” Suppose that

I[ℓ← dom(h)][pt← h
′
] |=T φ⊸ ψ⊳ [ℓ,pt]⇓ and letg⊆ g′ be heaps such thatg#h and

I,g |=SL φ. By the induction hypothesis, we have thatI[ℓ′← dom(g)][pt′← g′] |=T

φ ⊳ [ℓ′,pt′]⇓ and since dom(g)∩ (
⋃n

i=1dom(hi)) = ∅, we haveI[ℓ′← dom(g)][pt′ ←

g′][ℓ ← h][pt← h
′
] |=T ψ ⊳ [ℓ′ · ℓ,pt′ · pt]⇓. By the induction hypothesis, we obtain

I,g⊎h |=SL ψ, thusI,h |=SL φ⊸ ψ.
- ϕ ≡ t 7→ u. We haveI,h |=SL t 7→ u iff h = {(tI,uI )} and tI 6≈ nil. “⇒” Let h andh

′

be tuples of heaps satisfying the conditions (1) and (2). Then there exists 1≤ i ≤ n
such that dom(hi) = {tI }, h′i (t

I ) = uI and dom(h j) = ∅ for all j ∈ {1, . . . ,n} \ {i}. We

obtain, consequently thatI[ℓ← dom(h)][pt← h
′
] |=T

⋃

ℓ = {t}∧ ite(t ∈ ℓ,pt(t) = u)∧
t 6≈ nil. “⇐” If I[ℓ← dom(h)][pt← h

′
] |=T t 7→ u ⊳ [ℓ,pt]⇓ for eachh andh

′
satisfying

conditions (1) and (2), we easily obtain that{tI} = dom(hi) ⊆ dom(h′i ) andh′i (t
I) = uI

for some 1≤ i ≤ n, leading toh= {(tI,uI)}. MoreovertI 6≈ nil, thusI,h |=SL t 7→ u.
- ϕ ≡ emp. We haveI,h |=SL emp iff dom(h) = ∅. “⇒” For any tuplesh satisfying

condition (1) we have dom(hi) = ∅ for all 1≤ i ≤ n, thusI[ℓ← dom(h)][pt← h
′
] |=T

⋃

ℓ = ∅ for all h
′
satisfying condition (2). “⇐ Let h andh

′
be tuples of heaps satisfy-

ing conditions (1) and (2), such thatI[ℓ← dom(h)][pt← h
′
] |=T emp ⊳ [ℓ,pt]⇓, then

dom(h) = ∅ andI,h |=SL emp.
The casesϕ ≡ φ∧ψ, ϕ ≡ ¬φ andϕ is aΣ-formula are an easy exercise. ⊓⊔
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4 A Reduction ofSL (T) to Quantifiers Over Bounded Sets

In the previous section, we have reduced any instance of the (SL,T)-satisfiability prob-
lem to an instance of theT-satisfiability problem in the first-order multi-sorted theory
T which subsumes the theorySet(Loc) and contains several quantified uninterpreted
function symbols of sortLoc 7→ Data. A crucial point in the translation is that the only
quantifiers occurring inT are of the forms∀ℓ and∀pt, whereℓ is a variable of sort
Set(Loc) andpt is a function symbol of sortLoc 7→ Data. Leveraging from a decid-
ability argument for separation logic over the data domainData = Loc× Loc [9], we
show that it is sufficient to consider only the case when the quantified variablesrange
over a bounded domain of sets. In principle, this allows us toeliminate the universal
quantifiers by replacing them with finite conjunctions and obtain a decidability result
based on the fact that the quantifier-free theoryT with sets and uninterpreted functions
is decidable. Since the cost of a-priori quantifier elimination is, in general, prohibitive,
in the next section we develop an efficient lazy quantifier instantiation procedure, based
on counterexample-driven refinement.

For reasons of self-containment, we quote the following lemma [23] and stress the
fact that its proof is oblivious of the assumptionData= Loc×Loc on the range of heaps.
Given a formulaφ in the languageSL(T), we first define the following measure:

|φ ∗ψ| = |φ|+ |ψ| |φ⊸ ψ| = |ψ| |φ∧ψ| =max(|φ|, |ψ|) |¬φ| = |φ|

|t 7→ u| = 1 |emp| = 1 |φ| = 0 if φ is aΣ-formula

Intuitively, |φ| gives the maximum number ofinvisiblelocations in the domain of a heap
h, that are not in the range ofI and which can be distinguished byφ. For instance, if
I,h |=SL (¬emp) ∗ (¬emp) and the domain ofh contains more than two locations, then
it is possible to restrict dom(h) to two locations only, and obtainh′ such that||dom(h′)||=
|(¬emp) ∗ (¬emp)| = 2 andI,h′ |=SL (¬emp) ∗ (¬emp).

Let Pt(φ) be the set of terms (of sortLoc∪Data) that occur on the left- or right-
hand side of a points-to atomic proposition inφ. Formally, we have Pt(t 7→ u) = {t,u},
Pt(φ ∗ψ) = Pt(φ⊸ ψ) = Pt(φ)∪Pt(ψ), Pt(¬φ) = Pt(φ) and Pt(emp) = Pt(φ) = ∅, for a
Σ-formulaφ. The lemma is given below:

Lemma 2. Given a formulaφ ∈ SL(T), for any interpretationI of T, let L⊆ LocI \
Pt(φ)I be a set of locations, such that||L|| = |φ| and v∈ DataI \Pt(φ)I . Then, for any
heap h, we haveI,h |=SL φ iff I,h′ |=SL φ, for any heap h′ such that:
- dom(h′) ⊆ L∪Pt(φ)I,
- for all ℓ ∈ dom(h′), h′(ℓ) ∈ Pt(φ)I∪{v}

Proof. See the proof of [23, Proposition 96]. ⊓⊔

The main argument for the decidability of separation logic whenData = Loc×Loc
is that, when an interpretationI of the free variables is fixed, in order to find a heap
modelh for a separation logic formula, it is enough to look within a finite set of heaps
h′, satisfying the above conditions. This argument also givesa PSPACE upper bound
for the satisfiability problem in this fragment.

Based on the fact that the proof of Lemma 2 [23] does not involve reasoning about
data values, other than equality checking, we refine our reduction from the previous
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section, by bounding the quantifiers to finite sets of constants of known size. To this
end, we assume the existence of a total order on the (countable) set of constants in
Σ of sort Loc, disjoint from anyΣ-terms that occur in a given formulaφ, and define
Bnd(φ,C) = {cm+1, . . . ,cm+|φ|}, wherem=max{i | ci ∈C}, andm= 0 if C = ∅. Clearly, we
have Pt(φ)∩Bnd(φ,C) = ∅ and alsoC∩Bnd(φ,C) = ∅, for anyC and anyφ.

We now consider labeling judgements of the formϕ ⊳ [ℓ,pt,C], whereC is a finite
set of constants of sortLoc, and modify all the rules in Figure 1, besides the ones with
premises (φ∗ψ) ⊳ [ℓ,pt] and (φ⊸ ψ) ⊳ [ℓ,pt], by replacing any judgementϕ⊳ [ℓ,pt] with
ϕ⊳ [ℓ,pt,C]. The two rules in Figure 2 are the bounded-quantifier equivalents of the (φ∗
ψ) ⊳ [ℓ,pt] and (φ⊸ ψ) ⊳ [ℓ,pt] rules in Figure 1. As usual, we denote by (ϕ⊳ [ℓ,pt,C])⇓
the formula obtained by exhaustively applying the new labeling rules toϕ⊳ [ℓ,pt,C].

Observe that the result of the labeling process is a formula in which all quantifiers
are of the form∀ℓ1 . . .∀ℓn∀pt1 . . .∀ptn.

∧n
i=1 ℓi ⊆ Li ∧

∧n
i=1 pti ⊆ Li ×Di⇒ ψ(ℓ,pt), where

Li ’s andDi ’s are finite sets of terms, none of which involves quantified variables, and
ψ is a formula in the theoryT with sets and uninterpreted functions. Moreover, the
labeling rule forφ⊸ ψ⊳ [ℓ,pt,C] uses a fresh constantd that does not occur inφ or ψ.

φ∗ψ⊳ [ℓ,pt,C]

¬∀ℓ1∀ℓ2 . ℓ1∪ ℓ2 ⊆C∪Pt(φ∗ψ)⇒
¬(ℓ1∩ ℓ2 ≈ ∅∧ ℓ1∪ ℓ2 ≈

⋃

ℓ∧φ⊳ [ℓ1∩ ℓ,pt,C]∧ψ⊳ [ℓ2∩ ℓ,pt,C])

φ⊸ ψ⊳ [ℓ,pt,C]

∀ℓ′∀pt′ . ℓ′ ⊆C′∪Pt(φ⊸ ψ) ∧
pt′ ⊆ (C′∪Pt(φ⊸ ψ))× (Pt(φ⊸ ψ)∪{d})⇒
(ℓ′∩ (

⋃

ℓ) ≈ ∅ ∧ φ⊳ [ℓ′,pt′,C′])⇒ ψ⊳ [ℓ′ · ℓ,pt′ ·pt,C]

C′ = Bnd(φ∧ψ,C)
d < Pt(φ⊸ ψ)

Fig. 2. Bounded Quantifier Labeling Rules

Example 3.The outcome of the bounded quantifier labeling of theSL(T) formula (x 7→
a∗y 7→ b)∧¬(⊤∗ x 7→ a) from Example 1 is the following:

((x 7→ a∗y 7→ b)∧¬(⊤∗ x 7→ a)) ⊳ [ℓ,pt,C]
=⇒∗

¬∀ℓ1∀ℓ2 . ℓ1∪ ℓ2 ⊆C∪{x,y,a,b} ⇒ ¬(ℓ1∩ ℓ2 ≈ ∅∧ ℓ ≈ ℓ1∪ ℓ2∧

(ℓ1∩ ℓ ≈ {x}∧ ite(x ∈ ℓ1∩ ℓ,pt(x) ≈ a,⊤)∧ x 6≈ nil)∧
(ℓ2∩ ℓ ≈ {y}∧ ite(y ∈ ℓ2∩ ℓ,pt(y) ≈ b,⊤)∧y 6≈ nil))∧
¬ (¬∀ℓ3 . ℓ3 ⊆C∪{x} ⇒ ¬(ℓ3 ≈ {x}∧ ite(x ∈ ℓ3,pt(x) ≈ a,⊤)∧ x 6≈ nil)) .

whereC= {c1,c2} is a set of fresh constants of sortLoc and|(x 7→ a∗y 7→ b)∧¬(⊤∗ x 7→ a)|=
2, Pt(x 7→ a∗y 7→ b) = {x,y,a,b}, Pt(¬(⊤∗ x 7→ a)) = {x,a}. �

10



Example 4.We revisit below the labeling of the formula (x 7→ a⊸ y 7→ b)∧emp from
Example 2:

((x 7→ a⊸ y 7→ b)∧emp) ⊳ [ℓ,pt,C]
=⇒∗

ℓ ≈ ∅∧∀ℓ′ ⊆ {x,y,a,b,c}∀pt′ ⊆ {x,y,a,b,c}× {x,y,a,b,d}) .
ℓ′∩ ℓ ≈ ∅∧ ℓ′ ≈ {x}∧ ite(x ∈ ℓ′,pt′(x) ≈ a,⊤)∧ x 6≈ nil⇒

ℓ′∪ ℓ ≈ {y}∧ ite(y ∈ ℓ′,pt′(y) ≈ b, ite(y ∈ ℓ,pt(y) ≈ b,⊤))∧y 6≈ nil .

where Pt((x 7→ a⊸ y 7→ b)∧emp) = {x,y,a,b}. Observe that the constantc was intro-
duced by the bounded quantifier labeling of the termx 7→ a⊸ y 7→ b. �

The next lemma states the soundness of the translation ofSL(T) formulae in a frag-
ment ofT that contains only bounded quantifiers, by means of the rulesin Figure 2. Its
proof relies on the following technical fact [23]:

Proposition 1. Given two formulaeφ,ψ ∈ SL(T), for any interpretationI of T, let
L ⊆ LocI \Pt(φ⊸ ψ)I be a set such that||L|| =max(|φ|, |ψ|) and v∈ DataI \Pt(φ⊸ ψ)I

be a data value. Then, for any heap h we haveI,h |=SL φ⊸ ψ if and only if, for any
heap h′ such that h#h′, I,h′ |=SL φ, and:
1. dom(h′) ⊆ L∪Pt(φ⊸ ψ)I,
2. h′(ℓ) ∈ Pt(φ⊸ ψ)I∪{v}, for all ℓ ∈ dom(h′),

we have thatI,h⊎h′ |=SL ψ.

Proof. See [23, Proposition 89]. ⊓⊔

Lemma 3. Given a formulaϕ in the languageSL(T), for any interpretationI of T,
let L ⊆ LocI \Pt(ϕ)I be a set of locations such that||L|| = |ϕ| and v∈ DataI \Pt(ϕ)I

be a data value. Then there exists a heap h such thatI,h |=SL ϕ iff there exist heaps
h
′
=
〈

h′1, . . . ,h
′
n

〉

andh
′′
=
〈

h′′1 , . . . ,h
′′
n

〉

such that:
1. for all 1≤ i < j ≤ n, we have h′i #h′j,
2. for all 1≤ i ≤ n, we have h′i ⊆ h′′i and

3. I[ℓ← dom(h
′
)][pt← h

′′
][C← L][d← v] |=T ϕ⊳ [ℓ,pt,C]⇓ .

Proof. By Lemma 2, there existsh such thatI,h |=SL ϕ if and only if there existsh′

such that dom(h′) ⊆ L∪Pt(ϕ)I and for allℓ ∈ dom(h′), h′(ℓ) ∈ Pt(ϕ)I∪{v}, for a value
v ∈ DataI \Pt(ϕ)I. It is thus sufficient to prove the statement for these heaps only and
assume from now on thath satisfies the conditions of Lemma 2. We prove the following
stronger statement:

Fact 1 For all heaps h such that:
- dom(h) ⊆ L∪Pt(ϕ)I and for all ℓ ∈ dom(h), h(ℓ) ∈ Pt(ϕ)I∪{v},
we haveI,h |=SL ϕ iff for all tuplesh= 〈h1, . . . ,hn〉 andh

′
=
〈

h′1, . . . ,h
′
n

〉

such that:
- h= h1⊎ . . .⊎hn and h1 ⊆ h′1, . . . ,hn ⊆ h′n,

we haveI[ℓ← dom(h)][pt← h
′
][C← L][d← v] |=T ϕ⊳ [ℓ,pt,C]⇓ .

The proof is by induction on the structure ofϕ, among the lines of the proof of
Lemma 1. In particular, it can be easily verified that the quantified sets variables and
uninterpreted functions belong to the domains required by the rules of Figure 2. ⊓⊔
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5 A Counterexample-Guided Approach for SolvingSL (T) Inputs

This section presents a novel decision procedure for the (SL,T)-satisfiability of the
set of quantifier-freeSL (T) formulaeϕ. To this end, we present an efficient decision
procedure for theT-satisfiability of (ϕ ⊳ [ℓ,pt,C])⇓, obtained as the result of the trans-
formation described in Section 4. The main challenge in doing so is treating the uni-
versal quantification occurring in (ϕ ⊳ [ℓ,pt,C])⇓. As mentioned, the key to decidabil-
ity is that all quantified formulae in (ϕ ⊳ [ℓ,pt,C])⇓ are equivalent to formulas of the
form ∀x.(

∧

x ⊆ s) ⇒ ϕ, where each term in the tuples is a finite set (or product of
sets) of groundΣ-terms. For brevity, we write∀x ⊆ s.ϕ to denote a quantified formula
of this form. While such formulae are clearly equivalent to afinite conjunction of in-
stances, the cost of constructing these instances is in practice prohibitively expensive.
Following recent approaches for handling universal quantification [13, 19, 6, 20], we use
a counterexample-guided approach for choosing instances of quantified formulae that
are relevant to the satisfiability of our input. The approachis based on an iterative pro-
cedure where an evolving set of quantifier-freeΣ-formulaeΓ is maintained. We assume
thatΓ is initially a set of formulae obtained fromϕ by a purification step, described in
the following.

We associate each closed quantified formula a boolean variable A, called theguard
of ∀x.ϕ, and a (unique) set of Skolem symbolsk of the same sort asx. We write (A,k)⇌
∀x.ϕ to denote thatA andk are associated with∀x.ϕ. For a set of formulaeΓ, we write
Q(Γ) to denote the set of quantified formulae whose guard occurs inΓ. We write⌊ψ⌋ for
the result of replacing inψ all closed quantified formulae (not occurring beneath other
quantifiers inψ) with their corresponding guards. Conversely, we write⌈Γ⌉ to denote
the result of replacing all guards inΓ by the quantified formulae they are associated
with. We write⌊ψ⌋∗ denote the (smallest) set ofΣ-formulae such that:

⌊ψ⌋ ∈ ⌊ψ⌋∗

(¬A⇒ ⌊¬ϕ[k/x]⌋) ∈ ⌊ψ⌋∗ if ∀x.ϕ ∈Q(⌊ψ⌋∗) where (A,k)⇌ ∀x.ϕ.

It is easy to see that ifψ is aΣ-formula possibly containing quantifiers, then⌊ψ⌋∗ is
a set of quantifier-freeΣ-formulae, and if all quantified formulas inψ are of the form
∀x ⊆ s.ϕ mentioned above, then all quantified formulas in Q(⌊ψ⌋∗) are also of this form.

Example 5.If ψ is the formula∀x.(P(x)⇒¬∀y.R(x,y)), then⌊ψ⌋∗ is the set:

{A1,¬A1⇒¬(P(k1)⇒ A2),¬A2⇒¬R(k1,k2)}

where (A1,k1)⇌ ∀x.(P(x)⇒¬∀y.R(x,y)) and (A2,k2)⇌ ∀y.R(k1,y). ⊓⊔

Our algorithmsolveSL(T) for determining the (SL,T)-satisfiability of inputϕ is given
in Figure 3. It first constructs the setC based on the value of|ϕ|, which it computes
by traversing the structure ofϕ. It then invokes the subproceduresolveT on the set
⌊(ϕ⊳ [ℓ,pt,C])⇓⌋∗ whereℓ andpt are fresh free symbols.

At a high level, the recursive proceduresolveT takes as input a (quantifier-free) set
of T-formulaeΓ, a set of formulaeT-entailed by (ϕ⊳ [ℓ,pt,C])⇓. In some sense, the set
Γ can be understood as an under-approximation of (ϕ ⊳ [ℓ,pt,C])⇓. In other words, the
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solveSL(T)(ϕ):

Let C be a set of fresh constants of sortLoc such that||C|| = |ϕ|.
Let ℓ andpt be a fresh symbols of sortSet(Loc) andLoc⇒ Data respectively.
ReturnsolveT(⌊(ϕ⊳ [ℓ,pt,C])⇓⌋∗).

solveT(Γ):

1. If Γ is T-unsatisfiable,
return “unsat”,

else letI be aT-model ofΓ.
2. If Γ,A |=T ⌊ψ[k/x]⌋ for all ∀x.ψ ∈Q(Γ), where (A,k)⇌ ∀x.ψ andAI = ⊤,

return “sat”,
else letJ be aT-model ofΓ∪{A,¬⌊ψ[k/x]⌋} for some≺Γ,I-minimal∀x ⊆ s.ψ,

where (A,k)⇌ ∀x ⊆ s.ψ.
3. Let t be a vector of terms, such thatt ⊆ s, andtJ = kJ .

ReturnsolveT( Γ∪⌊A⇒ ψ[t/x]⌋∗).

Fig. 3. ProceduresolveSL(T) for deciding (SL,T)-satisfiability ofSL (T) formulaϕ.

models ofΓ are a superset of those of (ϕ⊳ [ℓ,pt,C])⇓. On each invocation,solveT will
either (i) terminate with “unsat”, in which case our inputϕ is T-unsatisfiable, (ii) ter-
minate with “sat”, in which case our inputϕ is T-satisfiable, or (iii) add the set corre-
sponding to the purification of the instance⌊A⇒ ψ[t/x]⌋∗ to Γ and repeats.

In more detail, in Step 1 of the procedure, we determine theT-satisfiability ofΓ
using a combination of a satisfiability solver and a decisionprocedure forT 8. If Γ is
T-unsatisfiable, sinceΓ is T-entailed by⌈Γ⌉, we may terminate with “unsat”. Other-
wise, there is aT-modelI for Γ andT. In Step 2 of the procedure, for eachA that is
interpreted to be true byI, we check whetherΓ∪{A} T-entails⌊ψ[k/x]⌋ for fresh free
constantsk, which can be accomplished by determining whetherΓ∪{A,¬⌊ψ[k/x]⌋} is
T-unsatisfiable. If this check succeeds for a quantified formula∀x.ψ, the algorithm has
established that∀x.ψ is entailed byΓ. If this check succeeds for all such quantified
formulae, thenΓ is equivalent to⌈Γ⌉, and we may terminate with “sat”. Otherwise, let
Q+
I
(Γ) be the subset ofQ(Γ) for which this check did not succeed. We call this the set

of active quantified formulaefor (I,Γ). We consider an active quantified formula that
is minimal with respect to the relation≺Γ,I over Q(Γ), where:

ϕ ≺Γ,I ψ if and only if ϕ ∈Q(⌊ψ⌋∗)∩Q+
I
(Γ)

By this ordering, our approach considers innermost active quantified formulae first.
Let ∀x.ψ be minimal with respect to≺Γ,I, where (A,k)⇌ ∀x.ψ. SinceΓ,A does not

8 Non-constant Skolem symbolsk introduced by the procedure may be treated as uninterpreted
functions. Constraints of the formk ⊆ S1×S2 are translated to

∧

c∈S1
k(c) ∈ S2. Furthermore,

the domain ofk may be restricted to the set{cI | c ∈ S1} in modelsI found in Steps 1 and 2
of the procedure. This restriction comes with no loss of generality since, by construction of
(ϕ⊳ [ℓ,pt,C])⇓, k is applied only to terms occurring inS1.
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T-entail ⌊ψ[k/x]⌋, there must exist a modelJ for Γ∪ {⌊¬ψ[k/x]⌋} whereAJ = ⊤. In
Step 3 of the procedure, we choose a tuple of termst = (t1, . . . , tn) based on the model
J, and add toΓ the set of formulae obtained by purifyingA⇒ ψ[t/x], whereA is the
guard of∀x ⊆ s.ψ. Assume thats= (s1, . . . , sn) and recall that eachsi is a finite union of
groundΣ-terms. We choose eacht such thatti is a subset ofsi for eachi = 1, . . .n, and
tJ = kJ . These two criteria are the key to the termination of the algorithm: the former
ensures that only a finite number of possible instances can ever be added toΓ, and the
latter ensures that we never add the same instance more than once.

Lemma 4. For all T -formulaeϕ:

1. ϕ is T-satisfiable only if⌊ϕ⌋∗ is T-satisfiable, and
2. ϕ and⌈⌊ϕ⌋∗⌉ are T-equivalent up to their shared variables.

Proof. (Sketch) To show Part (1), letI be a model ofT andϕ. LetJ be an extension
of I such thatAJ = (∀x.ψ)I for each∀x.ψ ∈ Q(⌊ϕ⌋∗) where (A,k)⇌ ∀x.ψ. The inter-
pretationJ satisfiesT and⌊ϕ⌋∗ To show Part (2), notice that⌈⌊ϕ⌋∗⌉ is a set that can
be constructed from an initial value{ϕ}, and updated by adding formulas of the form
(¬∀x.ψ⇒¬ψ[k/x]) for fresh constantsk. For each step of this construction, it can be
shown that the set of models are same when restricted to the interpretation of all vari-
ables apart fromk. Thus, by induction,ϕ and⌈⌊ϕ⌋∗⌉ areT-equivalent up to their shared
variables. ⊓⊔

Lemma 5. For every recursive call tosolveT(Γ), if Γ,A |=T ⌊ψ[k/x]⌋ where(A,k)⇌
∀x.ψ, thenΓ |=T ∀x.ψ.

Proof. It suffices to show there exists a subsetΓ′ of Γ such thatΓ′ does not containk
andΓ′ |=T ⌊ψ[k/x]⌋ (if such aΓ′ exists, then sinceΓ′ ⊆ Γ andΓ′ does not containk,
we have thatΓ |=T ∀x.ψ). By construction,Γ may be partitioned into setsΓ′ andΓ′′,
whereΓ′ does not containk, andΓ′′ contains only:

1. ¬A⇒ ⌊¬ψ[k/x]⌋, and
2. Constraints of the form¬A1⇒ ⌊¬ψ1[j/y]⌋ and⌊A1⇒ ψ1[t/y]⌋∗, where (A1, j )⇌
∀y.ψ1 andA1 does not occur inΓ′.

Assume thatΓ \ Γ′′,A, ⌊¬ψ[k/x]⌋ has a modelI. Let J be an extension ofI such
that for each (A1, j ) ⇌ ∀x.ψ1 occurring in Q(Γ′′) but not in Q(Γ′), we haveAJ1 =
(∀x.ψ1)I. The interpretationJ satisfiesΓ,A, ⌊¬ψ[k/x]⌋, noting that the constraint¬A⇒
⌊¬ψ[k/x]⌋ holds sinceAJ must be⊤. This contradicts the assumption thatΓ,A |=T

⌊ψ[k/x]⌋, and thusΓ \ Γ′′,A, ⌊¬ψ[k/x]⌋ is T-unsatisfiable, in other words,Γ′,A |=T

⌊ψ[k/x]⌋. SinceA does not occur in⌊ψ[k/x]⌋, we have thatΓ′ |=T ⌊ψ[k/x]⌋, and hence
the lemma holds. ⊓⊔

Lemma 6. If Γ = {⌊ϕ⌋∗ | ϕ ∈ S} for some set S , and∀x.ψ ∈ Q(Γ) is ≺Γ,I-minimal, then
Γ∪{(¬)⌊ψ[k/x]⌋} andΓ∪{(¬)ψ[k/x]} are T-equivalent up to their shared variables.

Proof. (Sketch) By definition of≺Γ,I-minimal, we have thatΓ,A0 |=T ⌊ψ0[k/x]⌋ for all
∀x0.ψ0 ∈Q+

I
(⌊ψ[k0/x0]⌋) where (A0,k0)⇌∀x0.ψ0. For each such formula, by Lemma 5,

Γ |=T ∀x0.ψ0. Thus,Γ ∪ {(¬)⌊ψ[k/x]⌋} and Γ ∪ {(¬)⌈⌊ψ[k/x]⌋⌉} are T-equivalent up
to their shared variables, which by Lemma 4.2 implies thatΓ ∪ {(¬)⌊ψ[k/x]⌋} and
Γ∪{(¬)ψ[k/x]} areT-equivalent up to their shared variables. ⊓⊔
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Lemma 7. For all SL(T) formulaeϕ, solveT(⌊ψ⌋∗) whereψ is (ϕ⊳ [ℓ,pt,C])⇓:

1. Answers “unsat” only ifψ is T-unsatisfiable.
2. Answers “sat” only ifψ is T-satisfiable.
3. Terminates.

Proof. AssumesolveT(Γi) calls solveT(Γi+1) for i = 0, . . . ,n− 1, wheren is finite and
Γ0= ⌊ψ⌋

∗. By definition ofsolveT and Lemma 4 (2), it can be shown that⌈Γi⌉ and⌈Γi+1⌉

are equisatisfiable inT, and thus by induction⌈Γ j⌉ and⌈Γk⌉ are equisatisfiable inT for
eachj,k ∈ {1, . . . ,n}.

To show Part (1), assume without loss of generality, thatsolveT(Γn) answers “un-
sat”. ThenΓn isT-unsatisfiable, and by Lemma 4.1, we have that⌈Γn⌉ isT-unsatisfiable.
Thus,⌈Γ0⌉ is T-unsatisfiable, and thus by Lemma 4.2,ψ is T-unsatisfiable.

To show Part (2), without loss of generality,solveT(Γn) answers “sat”. ThenΓn is
T-satisfiable with modelI. We argue thatI satisfies⌈Γn⌉, which implies that⌈Γ0⌉ is
T-satisfiable, and thus by Lemma 4.2,ψ is T-satisfiable. Assume thatI satisfiesΓn but
does not satisfy⌈Γn⌉. Thus,AI , (∀x.ψ)I for some∀x.ψ ∈Q(Γn) where (A,k)⇌ ∀x.ψ.
In the case thatAI = ⊥ and (∀x.ψ)I = ⊤, note thatI does not satisfy the formula
(¬A⇒ ⌊¬ϕ[k/x]⌋) ∈ Γn. In the case thatAI = ⊤ and (∀x.ψ)I = ⊥, by the definition of
solveT, we haveΓn,A |=T ⌊ψ[k/x]⌋. By Lemma 5, we have thatΓn |=T ∀x.ψ. SinceI is
a model ofΓn, it must be the case that (∀x.ψ)I = ⊤, contradicting the assumption that
(∀x.ψ)I = ⊥. This contradicts the assumption thatI does not satisfy⌈Γn⌉.

To show Part (3), first note that the checks forT-satisfiability andT-entailment
terminate, by assumption of a decision procedure for theT-satisfiability of quantifier-
free formulae. Moreover, for each quantified formula∀x.ψ, only a finite number of
instancesA⇒ ψ[t/x] exist for which the algorithm will add⌊A⇒ ψ[t/x]⌋∗ to Γ, which
implies that the algorithm will consider only a finite numberof quantified formulae,
each for which only a finite number of instances will be added in this way. Thus, it
suffices to show that the algorithm adds toΓ only sets⌊A⇒ ψ[t/x]⌋∗ that are not a
subset ofΓ. Assume this is not the case for some⌊A⇒ ψ[t/x]⌋∗, where∀x.ψ ∈ Q(Γn),
∀x.ψ is≺Γ,I-minimal, and (A,k)⇌ ∀x.ψ. The termst meet the criteria in the procedure,
in particular, for some modelJ of Γ∪ {¬⌊ψ[k/x]⌋} whereAJ = ⊤, we havetJ = kJ .
SinceAJ = ⊤ and (A⇒ ⌊ψ[t/x]⌋) ∈ ⌊A⇒ ψ[t/x]⌋∗ ⊆ Γ, J satisfies⌊ψ[t/x]⌋. Also,J
satisfies¬⌊ψ[k/x]⌋. By Lemma 6, since∀x.ψ is ≺Γ,I-minimal,J satisfiesψ[t/x] and
¬ψ[k/x]. Thus,kJ , tJ , contradicting our assumption. ⊓⊔

Theorem 1. For all SL (T) formulaeϕ, solveSL(T)(ϕ):

1. Answers “unsat” only ifϕ is (SL,T)-unsatisfiable.
2. Answers “sat” only ifϕ is (SL,T)-satisfiable.
3. Terminates.

Proof. To show Part (1), by Lemma 7(1), it must be the case that (ϕ ⊳ [ℓ,pt,C])⇓ is
T-unsatisfiable. Thus, there cannot be heaps meeting the requirements ofh

′
and h

′′

in Lemma 3, and by that lemma means thatϕ is (SL,T)-unsatisfiable. To show Part
(2), by Lemma 7(2), it must be the case that (ϕ ⊳ [ℓ,pt,C])⇓ is T-satisfied by a model
of T, call it J. Let h′ be the heap with domainℓJ such thath′(u) = ptJ (u) for all
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u ∈ ℓJ , and leth′′ = ptJ . SinceLoc has infinite cardinality, and due to the structure of
(ϕ⊳ [ℓ,pt,C])⇓, we may assume thatCJ ⊆ LocJ \Pt(ϕ)J , call this setL. Let v= dJ . Let
I be an interpretation such thatI[ℓ← dom(h′)][pt←[ h′′][C← L][d← v] = J. Since
by assumptionJ |=T (ϕ⊳ [ℓ,pt,C])⇓, then by Lemma 3, there exists a heaph such that
I,h |=SL ϕ, and thusϕ is (SL,T)-satisfiable. Part (3) is an immediate consequence of
Lemma 7(3). ⊓⊔

By Theorem 1,solveSL(T) is a decision procedure for the (SL,T)-satisfiability of
the language of quantifier-freeSL (T) formulae. The following corollary gives a tight
complexity bound for the (SL,T)-satisfiability problem.

Corollary 1. The(SL,T)-satisfiability problem is PSPACE-complete for any theory T
whose satisfiability (for the quantifier-free fragment) is in PSPACE.

Proof. PSPACE-hardness is by the reduction from QSAT, which generalizes [9, Defi-
nition 7] to our case. Letφ ≡ ∀x1∃y1 . . .∀xn∃yn . ψ be an instance of QSAT, whereψ
is a boolean combination of the variablesxi andyi of sortBool. We encodeφ in SL(T)
using the translation function Tr(.), defined by induction on the structure ofφ:

Tr(xi) ≡ (ti 7→ d) ∗⊤ Tr(yi) ≡ (ui 7→ d) ∗⊤
Tr(¬ψ) ≡ ¬Tr(ψ) Tr(ψ1•ψ2) ≡ Tr(ψ1)•Tr(ψ2)

Tr(∃yi . ψ) ≡ ((ui 7→ d)∨emp) ∗Tr(ψ) Tr(∀xi . ψ) ≡ ¬(((ti 7→ d)∨emp) ∗¬Tr(ψ))

whered is constant of sortData and• ∈ {∧,∨}. It is not hard to check thatφ = ⊤ if and
only if there exists aT-interpretationI and a heaph such thatI,h |=SL Tr(φ).

To prove that (SL,T)-satisfiability is in PSPACE, we analyse the space complexity
of the solveSL(T) algorithm. First, for anySL(T)-formulaϕ, let Size(ϕ) be the size of
the syntax tree ofϕ. Clearly||⌊ϕ⌋∗|| ≤ Size(ϕ), and moreover, Size(ψ) ≤ Size(ϕ) for each
ψ ∈ ⌊ϕ⌋∗. Then a representation of the set⌊ϕ⌋∗ by simply enumerating its elements will
take space at most Size(ϕ)2. For a set of formulaeΓ, let Size(Γ) =

∑

ϕ∈Γ Size(ϕ) denote
the size of its enumerative representation.

Second, it is not difficult to see that|ϕ| ≤ Size(ϕ) and ||Pt(ϕ)|| ≤ Size(ϕ), for any
SL(T)-formula ϕ. Then, for each subformula∀x ⊆ s . ψ of ϕ ⊳ [ℓ,pt,C]⇓, we have
||s|| ≤ Size(ϕ)2 – in fact ||s|| ≤ Size(ϕ) if x is of sort Set(Loc) and ||s|| ≤ Size(ϕ)2 if x
is of sort Loc 7→ Data. Then there are at most Size(ϕ)2 recursive calls on line 3 of
the solveT procedure, that corresponds to an instance of the subformula ∀x ⊆ s . ψ
of ϕ ⊳ [ℓ,pt,C]⇓. Since there are at most Size(ϕ) such subformulae, there are at most
Size(ϕ)3 recursive calls tosolveT with argumentsΓ0, . . . ,Γn, respectively. Moreover,
we haveΓ0 = {ϕ⊳ [ℓ,pt,C]⇓}, thus Size(Γ0) = O(Size(ϕ)) and for eachi = 0, . . . ,n− 1,
Size(Γi+1)≤Size(Γi)+Size(ϕ)2, because a set of formulae⌊A⇒ψ[t/x]⌋∗ of size at most
Size(ϕ)2 is added toΓi . BecauseT-satisfiability is in PSPACE, by the hypothesis, the
checks at lines 1 and 2 can be done within space bounded by a polynomial in Size(ϕ),
thus the space needed bysolveSL(T)(ϕ) is also bounded by a polynomial in Size(ϕ).
Hence the (SL,T)-satisfiability problem is in PSPACE. ⊓⊔

In addition to being sound and complete, in practice, the approachsolveSL(T) termi-
nates in much less time that its theoretical worst-case complexity, given by the above
corollary. This fact is corroborated by our evaluation of our prototype implementation
of the algorithm, described in Section 6, and in the following examples.
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Example 6.Consider theSL(T) formulaϕ≡ (y 7→ a∗z 7→ b)∧¬(⊤∗y 7→ a) from Exam-
ple 3. When runningsolveSL(T)(ϕ), we first compute the setC = {c1,c2}, and introduce
fresh symbolsℓ andpt of sortsSet(Loc) andLoc→ Data respectively. Let us define:

ψ1 ≡ ℓ11∪ ℓ12⊆C∪{y,z} ⇒ ¬( ℓ11∩ ℓ12≈ ∅∧ ℓ ≈ ℓ11∪ ℓ12∧

ℓ11≈ {y}∧pt(y) ≈ a∧y 6≈ nil
ℓ12≈ {z}∧pt(z) ≈ b∧z 6≈ nil)

ψ2 ≡ ℓ2 ⊆C∪{y} ⇒ ¬( ℓ2 ≈ {y}∧pt(y) ≈ a∧y 6≈ nil)

The formula (ϕ ⊳ [ℓ,pt,C])⇓ is ¬∀ℓ11ℓ12 .ψ1∧∀ℓ2.ψ2. Let (Ai ,k i)⇌ ∀x.ψ1 for i = 1,2.
We call the subproceduresolveT onΓ0, where:

Γ0 ≡ ⌊(ϕ⊳ [ℓ,pt,C])⇓⌋∗ ≡ {¬A1∧A2,¬A1⇒¬ψ1[k11,k12/ℓ11, ℓ12],¬A2⇒¬ψ2[k2/ℓ2]}.

The setΓ0 is T-satisfiable with a modelI0 whereAI0
1 = ⊥ andAI0

2 = ⊤. Step 2 of the
procedure then checks whetherA2,Γ0 |=T φ, whereφ ≡ ⌊ψ2[k2/ℓ2]⌋ ≡ ψ2[k2/ℓ2]. This
is not the case, since a modelJ exists forΓ0∪ {A2,¬φ}. Let t = {y}, where note that
t ⊆C∪{y}, andtJ = kJ2 since it must be the case thatJ |=T k2 ≈ {y}. Thus, Step 3 of the
procedure recursively invokessolveT onΓ1, where:

Γ1 ≡ Γ0∪⌊A2⇒ ψ2[{y}/ℓ2]⌋∗ ≡ Γ0∪{A2⇒¬(pt(y) ≈ a∧y 6≈ nil)}

We have thatΓ1 is T-unsatisfiable by noting that since¬A1∧A2 ∈ Γ1, we have (pt(x) ≈
a∧ y 6≈ nil) must be true due to¬A1⇒ ¬ψ1[k11,k12/ℓ11, ℓ12], and false due toA2⇒

¬(pt(y) ≈ a∧ y 6≈ nil). In other words, this establishes that the heap{y 7→ a,z 7→ b} can
be split into disjoint heapsh1 andh2 = {y 7→ a}. Since this heap is the only possible
model fory 7→ a∗ z 7→ b and it is not a model for¬(⊤∗ y 7→ a), the conjunctionϕ is
unsatisfiable. �

Example 7.Modifying the previous example, letϕ′ be theSL(T) formulaa 6≈ b∧ (y 7→
a∗z 7→ b)∧¬(⊤∗y 7→ b), and let:

ψ3 = ℓ3 ⊆C∪{y} ⇒ ¬(ℓ3 ≈ {y}∧pt(y) ≈ b∧y 6≈ nil)

Let (A3,k3)⇌ ∀x.ψ3. We call the subproceduresolveT onΓ0, where in this case:

Γ0 ≡ ⌊(ϕ′ ⊳ [ℓ,pt,C])⇓⌋∗ ≡ {a 6≈ b∧¬A1∧A3,¬A1⇒ ψ1[k11,k12/ℓ11, ℓ12],¬A3⇒ ψ3[k3/ℓ3]}.

The setΓ0 is T-satisfiable with a modelI0 whereAI0
1 = ⊥ and AI0

3 = ⊤. Step 2 of
the procedure then checks whetherA3,Γ0 |=T φ, whereφ = ⌊ψ3[k3/ℓ3]⌋ = ψ3[k3/ℓ3].
This is the case, sinceA3∪Γ0∪¬φ is T-unsatisfiable due to the fact that they entail
pt(y) ≈ a∧pt(y) ≈ b∧a 6≈ b. We conclude thatϕ′ is (SL,T)-satisfiable. In other words,
this establishes that the heap{y 7→ a,z 7→ b} cannot be split into disjoint heapsh1 and
h2 = {y 7→ b} whena 6≈ b. �

Example 8.Consider theSL(T) formulaϕ ≡ emp∧ (y 7→ 0⊸ y 7→ 1)∧ y 6≈ nil. When
runningsolveSL(T)(ϕ), we first compute the setC = {c}, and introduce fresh symbolsℓ
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andpt of sortsSet(Loc) andLoc→ Data respectively. The formula (ϕ ⊳ [ℓ,pt,C])⇓ is
ℓ ≈ ∅∧∀ℓ4∀pt′.ψ∧y 6≈ nil, where after simplificationψ is:

ψ4 ≡ (ℓ4 ⊆ {y,0,1,c}∧pt′ ⊆ {y,0,1,c}× {y,0,1,d})⇒
(ℓ4∩ ℓ ≈ ∅∧ ℓ4 ≈ {y}∧pt′(y) ≈ 0∧y 6≈ nil)⇒
(ℓ4∪ ℓ ≈ {y}∧ ite(y ∈ ℓ4,pt′(y) ≈ 1,pt(y) ≈ 1)∧y 6≈ nil)

Let (A4, (k1,k2))⇌ ∀x.ψ4. We call the subproceduresolveT onΓ0, where:

Γ0 ≡ ⌊(ϕ⊳ [ℓ,pt,C])⇓⌋∗ ≡ {ℓ ≈ ∅∧A4∧y 6≈ nil,¬A4⇒¬ψ4[k1,k2/ℓ4,pt′]}.

The setΓ0 is T-satisfiable with a modelI0 whereAI0
4 = ⊤. Step 2 of the procedure

determines a modelJ exists forΓ0∪{A4,¬ψ4[k1,k2/ℓ4,pt′]}.
Let t1 be{y}, where we knowtJ1 = kJ1 sinceJ must satisfyk1≈ {y} as a consequence

of ¬ψ4[k1,k2/ℓ4,pt′]. Let t2 be a well-sorted subset of{y,0,1,c} × {y,0,1,d} such that
tJ2 = kJ2 . Such a subset exists sinceJ satisfiesk2 ⊆ {y,0,1,c} × {y,0,1,d}. Notice that
t2(y)J = 0J sinceJ must satisfyk2(y) ≈ 0. Step 3 of the procedure recursively invokes
solveT onΓ1, where:

Γ1 ≡ Γ0∪⌊A4⇒ ψ4[t1, t2/ℓ4,pt′]⌋∗

≡ Γ0∪{A4⇒ y 6≈ nil⇒ ({y} ≈ {y}∧ ite(y ∈ {y},0≈ 1,pt(y) ≈ 1)∧y 6≈ nil)}
≡ Γ0∪{A4⇒ y 6≈ nil⇒⊥}

The setΓ1 is T-unsatisfiable, since the added constraint contradictsA4∧y 6≈ nil. �

Although not demonstrated in these examples, our approach is capable of handling
SL (T) inputs involvingT-constraints on both locations and data. For instance, mod-
ifying Example 7 slightly, assumingData is Int, andT subsumes the theory of lin-
ear integer arithmeticLIA, our approach would by the same reasoning determine that
a = b+ 1∧ (x 7→ a∗ y 7→ b)∧¬(⊤ ∗ x 7→ b) is (SL,T)-satisfiable as a consequence of
the fact that, all models ofLIA must interpreta and b as distinct values, due to the
constrainta = b+ 1. In a similar vein, when consideringLoc to be Int, the formula
−1< x−y< 1∧ (x 7→ a∗y 7→ b) is unsatisfiable, because the constraint−1< x−y< 1 is
only satisfied whenx andy are interpreted by the same value, which conflicts with the
separation constraintx 7→ a∗y 7→ b.

5.1 Integration in DPLL( T)

We have implemented the algorithm described in this sectionwithin the SMT solver
CVC4 [3]. Our implementation accepts an extended syntax of SMT lib version 2 for-
mat [4] for specifyingSL (T) formulae. In contrast to the presentation so far, our imple-
mentation does not explicitly introduce quantifiers, and instead treatsSL atoms natively
using an integrated subsolver that expands the semantics ofthese atoms in lazy fashion.

In more detail, given aSL (T) inputϕ, our implementation lazily computes the ex-
pansion of (ϕ ⊳ [ℓ,pt,C])⇓ based on the translation rules in Figures 1 and 2 and the
counterexample-guided instantiation procedure in Figure3. This is accomplished by a
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module, which we refer to as theSL solver, that behaves analogously to a DPLL(T)-
style theory solver, that is, a dedicated solver specialized for theT-satisfiability of a
conjunction ofT-constraints9.

The DPLL(T) solving architecture [12] used by most modern SMT solvers,given
as input a set of quantifier-freeT-formulaeΓ, incrementally constructs of set of liter-
als over the atoms ofΓ until either it finds a setM that entailΓ at the propositional
level, or determines that such a set cannot be found. In the former case, we refer toM
as asatisfying assignmentfor Γ. If T is a combination of theoriesT1∪ . . .∪Tn, then
M is partitioned intoM1∪ . . .∪Mn where the atoms ofMi are eitherTi-constraints or
(dis)equalities shared over multiple theories. We use a theory solver (forTi) to deter-
mine theTi-satisfiability of the setMi , interpreted as a conjunction. GivenMi , the solver
will either add additional formulae toΓ, or otherwise report thatMi is Ti-satisfiable.

ForSL (T) inputs, we extend our input syntax with a set of functions:

7→: Loc×Data→ Bool ∗n : Booln→ Bool emp : Bool
⊸: Bool×Bool→ Bool lbl : Bool×Set(Loc)→ Bool

which we callspatial functions10. We refer tolbl as thelabeling predicate, which can be
understood as a placeholder for the⊳ transformation in Figures 1 and 2. We refer top(t)
as anunlabeled spatial atomif p is one of{emp, 7→,∗n,⊸} andt is a vector of terms
not containinglbl. If a is an unlabeled spatial atom, We refer tolbl(a, ℓ) as alabeled
spatial atom, and extend these terminologies to literals. We assume thatall occurrences
of spatial functions in our inputϕ occur only in unlabeled spatial atoms. Moreover,
during execution, our implementation transforms all spatial atoms into anormal form,
where:

– Nested applications of∗ are flattened, and
– Some of the subformulae of∗ not containing spatial functions arelifted. For in-

stance, we replace ((x 7→ y∧ t ≈ u) ∗z 7→ w) with t ≈ u∧ (x 7→ y∗z 7→w).

When constructing satisfying assignments forϕ, we relegate the set of all spatial lit-
eralsMk to theSL solver. For all unlabeled spatial literals (¬)a, we add toΓ the formula
(a⇔ lbl(a, ℓ0)), whereℓ0 is a distinguished free constant of sortSet(Loc). Henceforth,
it suffices for theSL solver to only consider the labeled spatial literals inMk. To do so,
firstly, it adds toΓ formulae based on the following criteria, which model one step of
the reduction from Figure 1:

lbl(emp, ℓ)⇔ ℓ ≈ ∅ if (¬)lbl(emp, ℓ) ∈ Mk

lbl(t 7→ u, ℓ)⇔ ℓ ≈ {t}∧pt(t) ≈ u∧ t 6≈ nil if (¬)lbl(t 7→ u, ℓ) ∈ Mk

lbl((ϕ1 ∗ . . .∗ϕn), ℓ)⇒ (ϕ1[ℓ1] ∧ . . .∧ϕn[ℓn]) if lbl((ϕ1 ∗ . . .∗ϕn), ℓ) ∈ Mk

¬lbl((ϕ1⊸ ϕ2), ℓ)⇒ (ϕ1[ℓ1] ∧¬ϕ2[ℓ2]) if ¬lbl((ϕ1⊸ ϕ2), ℓ) ∈ Mk

where eachℓi is a fresh free constant, andϕi [ℓi ] denotes the result of replacing each
spatial atoma in ϕi with lbl(a, ℓi). These formulae are added eagerly when such literals

9 The SL functions 7→,∗,⊸ are not symbols belonging to a first-order theory, and thus this
module is not a theory solver in the standard sense.

10 These functions are over theBool sort. We refer to these functions as takingformulaeas input,
where formulae may be cast to terms of sortBool through use of an if-then-else construct.
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are added toMk. To handle negated∗-atoms and positive⊸-atoms, theSL solver adds
to Γ formulae based on the criteria:

¬lbl((ϕ1 ∗ . . .∗ϕn), ℓ)⇒ (¬ϕ1[t1] ∨ . . .∨¬ϕn[tn]) if ¬lbl((ϕ1 ∗ . . .∗ϕn), ℓ) ∈ Mk

lbl((ϕ1⊸ ϕ2), ℓ)⇒ (¬ϕ1[t1, f1] ∨ϕ2[t2, f2]) if lbl((ϕ1⊸ ϕ2), ℓ) ∈ Mk

where eachti and fi is chosen based on the same criterion as described in Figure 3. For
wand, we writeϕi [ti , fi ] to denoteϕ′i [ti ], whereϕ′i is the result of replacing all atoms of
the formt 7→ u wheret ∈ t1 in ϕi by fi (t) ≈ u.

CVC4 uses a scheme for incrementally checking theT-entailments required by
solveT, as well as constructing modelsJ satisfying the negated form of the literals
in literals in Mk before choosing such terms11. The formula of the above form are
added toΓ lazily, that is, after all other solvers (for theoriesTi) have determined their
corresponding sets of literalsMi areTi-satisfiable.

6 Evaluation

Experimental evaluation was carried out on four types of benchmarks, reported in Fig-
ure 4. All benchmarks are instantiations of different patterns, resulting in formulae of
increasing size. For instance, the unfoldn-sat, nestedn-sat and chainn-sat benchmarks
(as well as their unsat versions) are entailment checks betweenn-times unfolding of the
inductive predicates given below:

pos(x,a) ⇒ neg(x,a)
unfold-sat x 7→ a∨∃y∃b . x 7→ a∗pos(y,b) ¬x 7→ a∨∃y∃b . x 7→ a∗neg(y,b)

unfold-unsatx 7→ a∨∃y∃b . x 7→ a∗pos(y,b) x 7→ a∨∃y∃b . ¬x 7→ a∗neg(y,b)
nested-sat x 7→ a∨∃y∃b . x 7→ a∗pos(y,b) x 7→ a∨∃y∃b . x 7→ a∗¬neg(y,b)

nested-unsatx 7→ a∨∃y∃b . x 7→ a∗pos(y,b) x 7→ a∨∃y∃b . ¬x 7→ a∗¬neg(y,b)
chain-sat x 7→ a∨∃y . x 7→ a∗pos(a,y) ¬x 7→ a∨∃y . x 7→ a∗neg(a,y)

chain-unsat x 7→ a∨∃y . x 7→ a∗pos(a,y) x 7→ a∨∃y . ¬x 7→ a∗neg(a,y)

The wand-n-k benchmarks are instantiations of entailments betweenP1 ∗P2⇒ P3

andP1⇒ P2⊸ P3, whereP1 andP3 are chains of∗-separated points-to predicates of
lengthsn andk, respectively, andP2’s are points-to predicates.

We tested our implementation in CVC4 (version 1.5 prerelease) on these bench-
marks. The runtimes of CVC4 are shown in Figure 4. All experiments were run on a
2.80GHz Intel(R) Core(TM) i7 CPU machine with with 8MB of cache.12 For a majority
of benchmarks, the runtime of CVC4 is quite low.

7 Conclusion

We have presented a decision procedure for quantifier-freeSL (T) formulas that relies
on a efficient, counterexample-guided approach for establishing theT-satisfiability of

11 For details, see Section 5 of [20].
12 The examples and CVC4 binary can be found at http://cvc4.cs.nyu.edu/papers/CAV2016-

seplog/.
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benchmark result time benchmark result time
chain1-sat sat 0.07 nested1-unsat sat 0.06
chain1-unsat unsat 0.02 nested2-sat sat 0.3
chain2-sat sat 0.04 nested2-unsatunsat 0.16
chain2-unsat unsat 0.14 nested3-unsat sat 0.54
chain4-sat sat 0.25 nested4-sat sat 31.38
chain4-unsat unsat 0.57 nested4-unsatunsat 1.18
chain8-sat sat 2.72 nested8-sat T/O –
chain8-unsat unsat 4.78 nested8-unsatunsat 117.09
benchmark result time benchmark result time
unfold1-sat sat 0.03 wand-3-5 unsat 0.01
unfold1-unsatunsat 0.05 wand-3-6 unsat 0.01
unfold2-sat sat 0.07 wand-3-9 unsat 0.01
unfold2-unsatunsat 0.11 wand-4-6 unsat 0.01
unfold4-sat sat 0.32 wand-4-7 unsat 0.01
unfold4-unsatunsat 0.41 wand-4-10 unsat 0.01
unfold8-sat sat 2.61 wand-7-9 unsat 0.01
unfold8-unsatunsat 3.55 wand-7-10 unsat 0.01
unfold10-sat sat 6.15 wand-7-13 unsat 0.01

Fig. 4. Results of CVC4 forSL (T) benchmarks with a 300 second timeout.

formulas having quantification over bounded sets. We have described an implemen-
tation of the approach as an integrated subsolver in the DPLL(T)-based SMT solver
CVC4, showing the potential of the procedure as a backend fortools reasoning about
low-level pointer and data manipulations. For future work,we would like to extend
the approach to be applicable to cases whereLoc may have a finite interpretation, and
improve the heuristics used by our decision procedure for choosing quantifier instanti-
ations, in particular for cases with many quantifier alternations.
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