Foundational Approaches for End-to-end

Formal Verification of Computational Physics
Pls: Jean-Baptiste Jeannin and Karthik Duraisamy, University of Michigan

Students: Sahil Bhola, Yichen Tao, Mohit Tekriwal
https://verinum.org/

Natural and Physical systems are typically modeled by differential equations, for which obtaining analytical solutions
is often intractable. As a result, these differential equations are solved numerically in a finite computation domain.
To have high confidence in the results, we use formal verification techniques:

 Formal proof in an interactive theorem prover (Coq) of classical convergence results (Lax theorem) [NFM'21].

 Formal proofs of correctness, accuracy and convergence of an iterative linear Jacobi solver [CICM'23, NFM'24],
including precise convergence conditions and deterministic bounds of accuracy for floating-point computations.

* Tighter probabilistic rounding uncertainty quantification for computing dot-products and solving a stochastic
ODE with an underlying tri-diagonal linear system in low-precision arithmetic [under review SIAM JSC].

Computation

. — . :
Exact analytical — |gone Discrete solution : uy, \
solution : Ipu -7 .

.-
| - 1

. - ! Iterative

-
-

o
Ay = ||[Thu — up| SD Ay = |Jup — U?ﬁl) """ solution : uy, (e.g., convergence theorem)

i Property Proof

Overall Coq theorem:
A1 NAg N As N Ay N As

<
= [[Inu —apl| < e \ Ay = f&”_D
ﬂ h — h

Ay — u} = /L—D ~._| Floating point | |
~~ o solution : 4} numerical algorithm
I ~

binary program ) C prograin /
 ——

. . _n
solution : uy solution : uy

(As = lup — ]| < ¢,

of the implementation

1 Refinement Proof

Probabilistic rounding
* The effect of rounding can be modeled as perturbations to
the true function, which can be bounded probabilistically.
— * Modeling relative rounding errors as uniformly distributed
..i.d. variables enables bounding their accumulation via
Bernstein’s inequality, including higher-order error statistics.

—

* Modeling rounding errors as random variables accounts for
error cancellation, providing tighter estimates than
deterministic analysis.
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